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Abstract
A power-sequence terrace for Zn is de/ned to be a terrace which can be partitioned into
segments one of which contains merely the zero element of Zn, whilst each other segment
is either (a) a sequence of successive powers of an element of Zn, or (b) such a sequence
multiplied throughout by a constant. Many elegant families of such Zn terraces are constructed
for values of n that are odd prime powers. The discovery of these families greatly increases the
number of known constructions for terraces for Zn. Tables are provided to show clearly the
constructions available for each prime power n satisfying n¡ 300.
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1. Introduction
1.1. De/nitions and references
Let G be a /nite group of order n with identity element e, let the group opera-
tion be multiplication, let a=(a1; a2; : : : ; an) be an arrangement of the elements of G,
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and let b=(b1; b2; : : : ; bn) be the ordered sequence where b1 = e and bi = a−1i−1ai for
i=2; 3; : : : ; n. The arrangement a is a terrace [6] for G, and b is the corresponding
2-sequencing or quasi-sequencing for G, if b contains exactly one occurrence of each
element x∈G that satis/es x= x−1, and if, for each x∈G that satis/es x = x−1, the
sequence b contains exactly two occurrences of x but none of x−1, or exactly two
occurrences of x−1 but none of x, or exactly one occurrence of each of x and x−1.
Terraces are used for constructing row-quasi-complete Latin squares, balanced neighbor
designs, balanced change-over designs, etc.
If G is Zn, with addition as the group operation, then x−1 in the above is
replaced by −x, and the elements of the 2-sequencing are given by b1 = 0 and bi =
ai − ai−1 (i=2; 3; : : : ; n). A simple but useful general result for terraces for any /nite
G can be written for Zn as follows:
• if a is a terrace for Zn with aj+1 − aj = − (an − aj) for some integer j satisfying
1¡j¡n− 1, then (a1; a2; : : : ; aj; an; an−1; : : : ; aj+1) is another terrace for Zn,
• and likewise if aj+1−aj =−(aj+1−a1) for j satisfying 2¡j¡n, then (aj; aj−1; : : : ; a1;
aj+1; aj+2; : : : ; an) is a terrace for Zn.
We call this result the snip-and-<ip method for forming a new terrace, as it involves
cutting the original terrace in a single place, ;ipping one of the two resultant pieces
into reverse, and re-joining the pieces.
If a is a terrace for G, so also is its reverse, obtained by taking the elements
of a in reverse order. Further, if a is a Zn terrace with aj+1 − aj =±(a1 − an),
then (aj+1; aj+2; : : : ; an; a1; a2; : : : ; aj) is also a Zn terrace, obtained from a by cycling
[6, p. 329].
The simplest and best known general terrace for Zn is
aLWW = (0; 1; n− 1; 2; n− 2; : : :):
This derives from the Lucas=Walecki compass-needle construction for round-dances
[12, pp. 162–166] and the Williams construction for balanced change-over designs
[16], and we therefore refer to it as the Lucas–Walecki–Williams terrace, or LWW
terrace. For n odd, with n=2m+ 1, the LWW terrace becomes
aLWW = (0; 1; n− 1; 2; n− 2; : : : ; m; m+ 1)
for which the 2-sequencing is
bLWW = (0; 1; −2; 3; −4; : : : ;−4; 3; −2; 1):
If G is a group of odd order n with n=2m+1, we say that a terrace for G has the
half-and-half property [5, Section 4] if, for each non-zero element x of G, each of the
sets {b2; b3; : : : ; bm+1} and {bm+2; bm+3; : : : ; bn} drawn from the terrace’s 2-sequencing
(b1; b2; : : : ; bn) contains either x or −x exactly once. We say that such a terrace is
narcissistic if bi = bn+2−i for all i=2; 3; : : : ; m+1, and that it is echoing if bi =±bm+i
for all i=2; 3; : : : ; m + 1. Thus the LWW terrace for Zn with n odd is a narcissistic
half-and-half terrace, as is the general tripartite terrace given in [5, Section 4] for
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Zn with n odd. In the terminology of [1, p. 6], the 2-sequencing for a narcissistic
half-and-half terrace is re<ective.
If G is again a group of odd order n with n=2m+1, we say that a terrace for G is a
nearly half-and-half terrace if it does not have the half-and-half property but, for each
non-zero element x of G, each of the sets {b2; b3; : : : ; bm+2} and {bm+1; bm+2; : : : ; bn}
contains either x or −x at least once.
For odd prime values of n with n=2m+ 1, we say that
• a terrace for Zn is segregated if am+1 =0 and elements a1; a2; : : : ; am comprise either
the m non-zero non-square elements of GF(n) or the m non-zero square elements;
• a terrace for Zn is quasi-segregated if a1 = 0 (or an=0) and if elements a2; a3; : : : ;
am+1 (or a1; a2; : : : ; am) comprise either the m non-zero non-square elements of GF(n)
or the m non-zero square elements.
Motivation for giving special attention to half-and-half terraces and segregated ter-
races comes from practical and statistical considerations arising when terraces are used
to generate change-over designs for experiments in biological or medical research (see
[5, esp. Sections 4 and 5]). Likewise, the equal-delays property [5, Section 7] of
change-over designs obtained from echoing terraces might be thought desirable in some
experimental situations.
Segregated half-and-half terraces for Zn with n odd and prime include the triangular-
numbers terraces constructed by B.A. Anderson [2,3] and discussed further in [5,
Section 5]. For these we again write n=2m+ 1, and we take r to be a non-zero and
non-square element of GF(n). We write j (j=0; 1; : : : ; m) for the /rst m+1 triangular
numbers in Zn, i.e. j = j(j+ 1)=2, and we set j = j − m (j=0; 1; : : : ; m− 1). Then
atriangular = (0; 1; : : : ; m−1; 0; rm−1; : : : ; r1; r0)
is a triangular-numbers terrace, with the 2-sequencing
btriangular = (0; 1; 2; : : : ; m; −mr; : : : ;−2r; −r):
This terrace can also be obtained by multiplying the terrace
( m2; (m− 1)2; : : : ; 22; 12; 0; r12; r22; : : : ; r(m− 1)2; rm2 )
throughout by −m (mod n). Whether the /rst m entries of atriangular are the non-square
non-zero elements of GF(n) or the square non-zero elements depends [3, pp. 39–40]
on the value of n. If n≡ 3 (mod 4); r can take the value −1, to give a narcissistic
segregated half-and-half terrace [16, p. 154].
For Zn with n odd but not necessarily prime, a general half-and-half terrace that is
neither narcissistic nor echoing is the Owens terrace (see[14, p. 146; 15, p. 269]):
aOwens = (0; 1; n− 2; 3; n− 4; : : :
︸ ︷︷ ︸
m odd elements
; : : : ; n− 3; 4; n− 1; 2
︸ ︷︷ ︸
m even elements†
);
†generated from the right
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with
bOwens = (0; 1; −3; 5; −7; : : : ; 1; : : : ; 7; −5; 3):
Leaving aside half-and-half terraces, there is also a general Galois /eld construction
for Zn terraces for any odd integer n such that 2n+1 is prime; some of the mathematics
for this is in [13]. Let x be a primitive root of Z2n+1. Working in Z2n+1, obtain
the quantities ci (i=1; 2; : : : ; n) de/ned by xci = i. Now reduce ci modulo n, to give
di (i=1; 2; : : : ; n). Then (d1; d2; : : : ; dn) is a Zn terrace. With n=5 and x=2 we obtain
the Z5 terrace (0, 1, 3, 2, 4), and with n=9 and x=2 we obtain the Z9 terrace (0,
1, 4, 2, 7, 5, 6, 3, 8).
Apart from those outlined above, general constructions for terraces for Zn with odd
n are almost unknown, except that minor variants of the LWW and Owens terraces
are given in [5, Section 4], and that [6,4] indicate how terraces for Zn, with odd
n satisfying n= n1n2, may be obtained from certain terraces for Zn1 and Zn2 . The
present paper adds to the available possibilities by providing general constructions for
terraces for Zn where n is an odd prime power, say n=ps with p an odd prime and
s a positive integer. We describe the new terraces as power-sequence terraces as the
constructions are based on sequences of powers of elements in Zn. Each such terrace
can be partitioned into segments one of which contains merely the zero element. Each
other segment is either (a) a sequence of successive powers of an element of Zn,
or (b) such a sequence multiplied throughout by a constant. We here use the phrase
“successive powers” to cover index-sequences of the form i; i + ; i + 2; : : :, where
 may be any suitable positive or negative integer. For n prime, powers of primitive
roots of n are used, or powers of the negatives of such primitive roots; for n=ps, the
elements whose powers are used are primitive roots of ps for all s, or the negatives
of such primitive roots.
For simplicity when a terrace is displayed on a line of its own, we then omit brackets
and commas from its notation, but we use vertical lines to indicate segment boundaries.
1.2. Some number-theoretic results
If p is prime, w is said to be a primitive root of p if the order of w (modp) is
p− 1. Then all the non-zero elements of Zp are given by 1; w; w2; : : : ; wp−2.
Further, w is said to be a primitive root of the prime power ps (where s is a
positive integer) if the order of w (modps) is (ps)=ps−1(p − 1). Here (·) is the
Euler function (see, for example, [7, p. 124, 10 p. 87]). If w is a primitive root of an
odd prime p, then [9, p. 114] w+ kp is a primitive root of p2 for each of the values
k =0; 1; : : : ; p − 1 except for the one value of k given by k ≡ (wp − w)=p (modp).
Thus [10, pp. 103–105, 118], for a particular value of p and all positive integers s, the
value w is a primitive root of ps if wp−1 ≡ 1 (modp2), whereas w + p is a primitive
root of ps if wp−1≡ 1 (modp2).
If p is an odd prime and the prime-powers factorisation of p − 1 is written as
p− 1=ps11 ps22 · · ·psNN , then the number of primitive roots of p is
ps1−11 (p1 − 1)ps2−12 (p2 − 1) · · ·psN−1N (pN − 1):
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For s¿2, this number must be multiplied by ps−2(p − 1) to give the number of
primitive roots of ps.
If w is a primitive root of ps, then Zn, with n=ps, can be partitioned as
{1; w; w2; : : : ; wps−1(p−1)−1} ∪ p {1; w; : : : ; wps−2(p−1)−1} ∪ · · ·
∪ps−1{1; w; : : : ; wp−2} ∪ {0}:
As
wp
k−1(p−1)=2≡ − 1 (modpk);
so that
ps−kwp
k−1(p−1)=2≡ − ps−k (modps);
this partition can be written as B∪{0}∪ (−B) where
B= {1; w; w2; : : : ; w(ps−1(p−1)=2)−1} ∪
∪{p;pw; : : : ; pw(ps−2(p−1)=2)−1} ∪ : : :
∪ {ps−1; ps−1w; : : : ; ps−1w((p−1)=2)−1}:
Analogous partitionings of Zn with n=ps are used in Theorems 2.1–2.6 below.
2. Some narcissistic half-and-half terraces
We start by considering primes p that are of the form p=2w − 1 where w is a
primitive root of p.
Theorem 2.1. If the prime p has the primitive root w satisfying p=2w − 1, then
ww−2 ww−3 : : : w 1 | 0 | −1 −w : : : −ww−3 −ww−2
is a narcissistic half-and-half terrace for Zp.
Proof. The diNerences between consecutive elements are, in order,
ww−3(1− w) ww−4(1− w) : : : w(1− w) (1− w) −1
followed by the same values in reverse order. But, as p=2w− 1, we have 1−w=w;
so these diNerences are, in order,
ww−2 ww−3 : : : w2 w −1 −1 w w2 : : : ww−3 ww−2
These diNerences clearly satisfy the requirements for a narcissistic half-and-half
terrace.
Example 2.1. p=11; w=6. Narcissistic half-and-half terrace for Z11:
9 7 3 6 1 | 0 | 10 5 8 4 2:
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The diNerences are as follows, where a colon separates the two halves of the
sequence:
9 7 3 6 10 : 10 6 3 7 9
i.e.
−2 −4 3 −5 −1 : −1 −5 3 −4 −2:
Note (a). As w and 2 are inverses of each other (modp) when p=2w−1, the value w
is a primitive root of p if and only if 2 is. By multiplying the terrace and its diNerences
throughout by a suitable multiple of 2, and using 2w≡ 1 (modp), the powers of w
can be replaced by powers of 2. For example, in the above terrace for p=11, we can
multiply throughout by 24 to obtain the narcissistic half-and-half terrace
1 2 22 23 24 | 0 | −24 −23 −22 −2 −1
i.e.
20 21 22 23 24 | 0 | 29 28 27 26 25
i.e.
1 2 4 8 5 | 0 | 6 3 7 9 10:
Note (b). As 2 is a square (modp) whenever p≡±1 (mod 8) [10, p. 129; 7, p. 182],
2 (and hence w) cannot be a primitive root of such p. Thus Theorem 2.1 can apply
only to primes p satisfying p≡ 3 or 5 (mod 8). Within the range p¡300, it covers
values of p as follows:
• all primes p satisfying p≡ 3 (mod 8) and such that (p − 1)=2 is prime (and is
therefore a Sophie Germain prime [7, p. 184]), i.e. p=3; 11; 59; 83; 107; 179; 227.
(The proof that all such primes p are covered is straightforward, and therefore
omitted here.)
• some primes p satisfying p≡ 3 (mod 8) and such that (p−1)=2 is composite, namely
p=19, 67, 131, 139, 163, 211 (but not p=43).
• some primes p satisfying p≡ 5 (mod 8), namely p=5, 13, 29, 37, 53, 61, 101, 149,
173, 181, 197, 269, 293 (but not p=109, 157, 229, 277).
Theorem 2.2. For an odd prime p, with p=2w − 1, suppose that w is a primitive
root of p and of ps for all s¿2. Then the following is a narcissistic half-and-half
terrace for Zn with n=ps; it has 2s+ 1 segments:
wp
s−1(w−1)−1 : : : w 1 | −pwps−2(w−1)−1 : : : −pw −p |
p2wp
s−3(w−1)−1 : : : p2w p2 | : : : |
(−p)s−1ww−2 : : : (−p)s−1w (−p)s−1 | 0 |
negatives in reverse order:
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Proof. Each element of Zn occurs once in this sequence. We show that the diNerences
between consecutive elements are ±(w− 1) times the same elements, excluding 0. As
the diNerences between the elements of the sequence xr; xr−1; : : : ; x; 1 are (1−x) times
xr−1; xr−2; : : : ; 1, the diNerences arising from the left half of the proposed terrace are
(1−w) times all the members except the /rst in each segment, along with the ‘extra’
diNerences ±ps−1 and
±(pi + pi+1wps−i−2(w−1)−1); 06i6s− 2:
Now
wp
s−i−2(w−1)≡ − 1 (modps−i−1);
so that
pi+1wp
s−i−2(w−1)≡ − pi+1 (modps);
so
pi + pi+1wp
s−i−2(w−1)−1 ≡ pi − (1=w)pi+1
≡ (pi=w)(w − p)
≡ (pi=w)(1− w) (modps):
Further,
ps−1≡ps−1(w − p)=w≡ ((1− w)=w)ps−1 (modps);
so these ‘extra’ diNerences can be written as
(pi=w)(1− w); 06i6s− 1:
But the ‘missing’ diNerences are
±(1− w)piwps−1−i(w−1)−1 ≡±((1− w)=w)piwps−i−1(w−1)
≡∓((1− w)=w)pi (modps); 06i6s− 1;
precisely the same as the ‘extra’ diNerences.
Example 2.2. p=5; w=3; s=2; n=p2 = 25. Narcissistic half-and-half terrace for
Z25:
8 11 12 4 18 6 2 9 3 1 | 10 20 | 0 | 5 15 | 24 22 16 23 19 7 21 13 14 17:
Example 2.3. p=3; w=2; s=3; n=p3 = 27. Narcissistic half-and-half terrace for
Z27:
28 27 : : : 2 1 | −3 · 22 −3 · 2 −3 | 32 | 0 | negatives in reverse order
i.e.
13 20 10 5 16 8 4 2 1 | 15 21 24 | 9 | 0 | 18 | 3 6 12 |
26 25 23 19 11 22 17 7 14:
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Note. As indicated in Section 1.2 above, any prime p covered by Theorem 2.1 is a
suitable prime for Theorem 2.2 unless the primitive root w satisfying p=2w− 1 also
satis/es wp−1≡ 1 (modp2). Of the primes p covered by Theorem 2.1, with p¡300
(the range focussed on in this paper), none fails the test for Theorem 2.2. We do not
know the least p that is covered by Theorem 2.1 but fails the test; however, we have
checked that there is no failure for p¡10; 000.
We now consider primes p such that p=2w + 1 where w is a primitive root of
p. As w and −2 are now inverses of one another (modp); w is a primitive root
precisely when −2 is (modp). But −2 is a square (and hence cannot be a primitive
root) (modp) whenever p≡ 1 or 3 (mod 8) [10, p. 129], so we are here restricted to
considering p≡ 5 or 7 (mod 8).
Theorem 2.3. If p is a prime satisfying p≡ 5 (mod 8) and p=2w + 1 where w is a
primitive root of p, then
(−w)w−1 (−w)w−2 : : : (−w) 1 | 0 | −1 −(−w) : : : −(−w)w−1
is a narcissistic half-and-half terrace for Zp.
Proof. Here p=4k + 1; w=2k and −w=w2k+1 where gcd(2k + 1; 4k)= 1. So −w
also is a primitive root of p. The diNerences between consecutive members of the
sequence are, in both halves,
±(1 + w)ww−2; ±(1 + w)ww−3; : : : ; ±(1 + w)w; ±(1 + w) and −1:
But 1 + w≡ − w; so these diNerences are
∓ww−1; ∓ww−2; : : : ; ∓w; −1
and the conditions for a half-and-half terrace are satis/ed.
Note. Within the range p¡300, Theorem 2.3 covers the following values of p: 5,
13, 29, 37, 53, 61, 101, 149, 173, 181, 197, 269, 293 (but not 109, 157, 229, 277).
As −w and hence 2 are also primitive roots of p, then (a) the values of p covered by
Theorem 2.3 constitute a subset of those covered by Theorem 2.1, (b) the primitive
root used in Theorem 2.3 is the negative of that used in Theorem 2.1, and (c) a terrace
obtained from Theorem 2.3 is identical to that obtained, for the same p, from Theorem
2.1. However, the following enhancement of Theorem 2.3 gives us new terraces.
Theorem 2.4. Let p be a prime where p≡ 5 (mod 8) and p=2w+1. Suppose that w
is a primitive root of p and of ps for each s¿2. Then the following is a narcissistic
half-and-half terrace for Zn with n=ps:
(−w)ps−1w−1 : : : (−w) 1 | p(−w)ps−2w−1 : : : p(−w) p |
p2(−w)ps−3w−1 : : : p2(−w) p2 | : : : |
ps−1(−w)w−1 : : : ps−1(−w) ps−1 | 0 |
negatives in reverse order:
I. Anderson, D.A. Preece /Discrete Mathematics 261 (2003) 31–58 39
Proof. The proof is almost identical to that of Theorem 2.2. Now the diNerences are
(1 + w) times all the numbers in the sequence except the /rst in each segment, along
with ±ps−1 and
±(pi − pi+1(−w)ps−i−2w−1) =±(pi − (−pi+1)=(−w)
=±(pi=w)(w − p)
=∓(pi=w)(w + 1):
The ‘missing’ diNerences are ±(1 + w)(−pi)=(−w) also.
Example 2.4. p=5; w=2; s=2; n=p2 = 25. This gives a diNerent narcissistic half-
and-half Z25 terrace from that in Example 2.2, as 3 and −2 diNer in Z25 even though
they are identical in Z5:
(−2)9 (−2)8 : : : (−2) 1 | 5(−2) 5 | 0 | negatives in reverse order;
i.e.
13 6 22 14 18 16 17 4 23 1 | 15 5 | 0 | 20 10 | 24 2 21 8 9 7 11 3 19 12:
Note. Within the range p¡300, Theorem 2.4 covers all the primes covered by Theo-
rem 2.3 except 29 and 37 (14 being a primitive root of 29 but not of 292 [7, p. 162],
and 18 being a primitive root of 37 but not of 372). These two exceptional values
were covered by Theorem 2.2.
Finally we consider primes p satisfying p≡ 7 (mod 8) and p=2w+1 where w is a
primitive root of p. Here w is odd, and −w=ww+1 is a square (modp). The order of
−w is 2w=gcd(2w; w+1)=w, so the powers of −w are precisely the squares (modp);
their negatives are the non-squares. As 2 is the inverse of −w (modp), the squares
(modp) are also the powers of 2.
Theorem 2.5. If p is a prime satisfying p≡ 7 (mod 8) and p=2w + 1 where w is a
primitive root of p, then, for any element t that is a square in Zp,
(−w)w−1 (−w)w−2 : : : (−w) 1 | 0 | −t −(−w)t : : : −(−w)w−1t
is a segregated half-and-half terrace for Zp, with the squares from Zp on the left of
the zero and the non-squares on the right. If t=1, we have a narcissistic segregated
half-and-half terrace for Zp.
Proof. The diNerences between consecutive elements are
(1 + w)(−w)w−2 : : : (1 + w)(−w) (1 + w) −1
and t times these numbers. As 1 + w≡ − w (modp), these diNerences are
(−w)w−1 : : : (−w)2 −w −1
and t times these numbers. Thus the diNerences in both halves are the squares, with 1
replaced by −1.
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Example 2.5. p=7; w=3. Narcissistic segregated half-and-half terrace for Z7:
(−3)2 −3 1 | 0 | −1 −(−3) −(−3)2;
i.e.
2 4 1 | 0 | 6 3 5:
Example 2.6. p=167; w=83. Narcissistic segregated half-and-half terrace for
Z167:
8482 8481 : : : 84 1 | 0 | −1 −84 : : : −8481 −8482;
i.e.
2 4 : : : 84 1 | 0 | 166 83 : : : 163 165:
Theorem 2.6. Let p be a prime where p≡ 7 (mod 8) and p=2w + 1 where w is a
primitive root of p and of ps for each s¿2. Then the following is a narcissistic
half-and-half terrace for Zn with n=ps:
(−w)ps−1w−1 : : : (−w) 1 | −p(−w)ps−2w−1 : : : −p(−w) −p |
p2(−w)ps−3w−1 : : : p2(−w) p2 | : : : |
(−p)s−1(−w)w−1 : : : (−p)s−1(−w) (−p)s−1 | 0 |
negatives in reverse order:
Proof. The main diNerence between this theorem and Theorems 2.2 and 2.4 is that we
here take powers of −w where −w is not a primitive root and where
pi+1(−w)ps−i−2w ≡pi+1 (modps)
not
≡ −pi+1 (modps):
We must therefore alternate the signs in the successive segments, unlike in Theorem 2.4.
Apart from this, the proof is as for Theorem 2.4.
Example 2.7. p=7; w=3; s=2; t=1; n=p2 = 49. Narcissistic half-and-half terrace
for Z49:
(−3)20 (−3)19 : : : (−3) 1 | −7(−3)2 −7(−3) −7 | 0 negatives;
i.e.
16 11 29 23 25 8 30 39 36 37 4 15 44 18 43 2 32 22 9 46 1 |
35 21 42 | 0 | 7 28 14 |
48 3 40 27 17 47 6 31 5 34 45 12 13 10 19 41 24 26 20 38 33:
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Note. Of the primes p covered by Theorem 2.6 and satisfying p¡300, none has a
primitive root w satisfying both p=2w+ 1 and wp−1≡ 1 (modp2). So Theorems 2.5
and 2.6 both cover the primes 7, 23, 47, 71, 79, 103, 167, 191, 199, 239, 263, 271 (but
not 31, 127, 151, 223). Included amongst these are some primes p with p=2w + 1
where w is also a prime and is thus a Sophie Germain prime: these values of p are
given by (p;w)= (7; 3); (23; 11); (167; 83); (263; 131). It is easily shown that, if w is
a Sophie Germain prime with w≡ 3 (mod 4), then −2 and hence w are primitive roots
of p where p=2w + 1.
3. A family of echoing half-and-half terraces, and other related families
Theorem 3.1. If the prime p has the primitive root w satisfying p=2w − 1, then
0 | 1 w w2 : : : wp−2
is an echoing half-and-half terrace for Zp, and the corresponding 2-sequencing has a
single repeated element, namely +1.
Proof. Apply the snip-and-;ip method to the Theorem 2.1 narcissistic half-and-half
terrace
ww−2 ww−3 : : : 1 | 0 || −1 −w : : : −ww−3 −ww−2
with the cut at the point indicated by the double vertical line, to give
0 | 1 w : : : ww−3 ww−2 | −1 −w : : : −ww−3 −ww−2;
i.e.
0 | 1 w : : : ww−3 ww−2 ww−1 ww : : : wp−2 wp−1:
The diNerence removed is −1, but the diNerence gained is
ww−1 − ww−2 =ww−2(w − 1)=−ww−2w=−ww−1 =+1;
which equals the initial diNerence in the 2-sequencing for the new terrace.
Example 3.1. p=11; w=6 (as in Example 2.1). Echoing half-and-half terrace for
Z11:
0 | 1 6 3 7 9 10 5 8 4 2:
The diNerences are
1 5 −3 4 2 : 1 −5 3 −4 −2:
Note (a). The terrace in Theorem 3.1 is closely related to Keedwell’s construction [11]
for decomposing Kn into (n− 1)-cycles.
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Note (b). As noted for Theorem 2.1, w and 2 are inverses of one another (modp)
when p=2w − 1. Thus, straightforward multiplication throughout the echoing terrace
in Theorem 3.1 gives the echoing terrace
0 | 2p−2 2p−3 : : : 4 2 1:
Theorem 3.2. If the prime p has the primitive root w satisfying p=2w−1, then, for
any integer i satisfying 06i6p,
wi−1 wi−2 : : : w 1 | 0 | wi wi+1 : : : wp−1
is a half-and-half terrace for Zp. If i=0 we have the echoing half-and-half terrace
of Theorem 3.1, if i=p we have the same in reverse, and if i=w − 1 we have the
narcissistic half-and-half terrace of Theorem 2.1.
Proof. Apply the snip-and-;ip method to the Theorem 3.1 echoing half-and-half terrace
0 | 1 w : : : wi−1 || wi wi+1 : : : wp−1
the ;ip being applied to the piece to the left of the double vertical line.
Example 3.2. p=11; w=6; i=2. Half-and-half terrace for Z11:
6 1 | 0 | 3 7 9 10 5 8 4 2:
Theorem 3.3. For an odd prime p, with p=2w − 1, suppose that w is a primitive
root of ps for all positive integers s. Then the following is a terrace for Zn with
n=ps; it has s+ 1 segments:
0 | ps−1 ps−1w : : : ps−1wp0(p−1)−1 |
ps−2 ps−2w : : : ps−2wp
1(p−1)−1 | : : : |
p0 p0w : : : p0wp
s−1(p−1)−1:
Proof. From /rst principles, or by successive use of the snip-and-;ip method applied
to the narcissistic half-and-half terraces of Theorem 2.2, as illustrated in the following
examples.
Example 3.3. p=5; w=3; s=2; n=25 (as in Example 2.2). Starting with the terrace
in Example 2.2 we have
8 11 12 : : : 9 3 1 | 10 20 | 0 | 5 15 || 24 22 16 : : :
13 14 17
then
15 5 | 0 || 20 10 | 1 3 9 : : : 12 11 8 24 22 16 : : :
13 14 17
then
0 | 5 15 20 10 | 1 3 9 : : : 13 14 17:
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Example 3.4. p=3; w=2; s=3; n=27 (as in Example 2.3). Starting with the terrace
in Example 2.3 we have
13 20 : : : 2 1 | 15 21 24 | 9 | 0 | 18 | 3 6 12 || 26 25 : : : 7 14
then
12 6 3 | 18 | 0 | 9 ‖ 24 21 15 | 1 2 : : : 20 13 26 25 : : : 7 14
then
9 | 0 ‖ 18 | 3 6 12 24 21 15 | 1 2 : : : 7 14
then
0 | 9 18 | 3 6 12 24 21 15 | 1 2 : : : 7 14:
Theorem 3.4. Let p be a prime satisfying p≡ 5 (mod 8) and p=2w + 1. Suppose
that w is a primitive root of ps for each s¿1. Then the following is a terrace for
Zn with n=ps; it has s+ 1 segments:
0 | (−p)s−1 (−p)s−1(−w) : : : (−p)s−1(−w)p0(p−1)−1 |
(−p)s−2 (−p)s−2(−w) : : : (−p)s−2(−w)p1(p−1)−1 | : : : |
(−p)0 (−p)0(−w) : : : (−p)0(−w)ps−1(p−1)−1:
Proof. As for Theorem 3.3, except that the snip-and-;ip method is now applied to the
terraces of Theorem 2.4.
Example 3.5. p=5; w=2; s=2; n=25 (as in Example 2.4). The terrace for Z25 is
0 | 20 10 5 15 | 1 23 4 17 : : : 19 12:
4. Further segregated and quasi-segregated terraces
Theorem 4.1. Let p be a prime satisfying p≡ 3 (mod 4); p¿7. Suppose that p has
a primitive root w such that (w2− 1)(w2− 1)≡±1 (modp) for some integer  with
gcd(2; p−1)=2. Choose an odd integer  such that w2−1≡±w+2 (modp). Then
1 w2 w4 : : : wp−3 | 0 | w w−2 w−4 : : : w+2
is a segregated nearly half-and-half terrace for Zp.
Proof. As −1 is a non-square (modp) [10, p. 126; 7, p. 179], we can always /nd an
odd  as required. The diNerences here are (a) w2 − 1 times 1, w2; : : : ; wp−5; w; and
(b) (w−2 − 1) times w; w−2; : : : ; w+4; −wp−3. Now
w =w−2w+2 =±(w2 − 1)wp−3;
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so the diNerences in (a) are ± the odd powers of w. Also,
(w−2 − 1)w+2 =w(1− w2)=±w−2(w2 − 1)(w2 − 1)=±wp−3;
so the diNerences in (b) are ± the even powers of w. We therefore have a segregated
terrace. As x is a square if and only if −x is a non-square, the terrace is nearly
half-and-half; the two middle diNerences are in the wrong order for a half-and-half
terrace.
Special cases
(i) If w2 − 1=±w, we can take = − 1. Then, with = − 1, we have
(w2 − 1)(w2 − 1)= (w−2 − 1)(w2 − 1)= − w−2(w2 − 1)2 = − 1:
So we obtain the segregated nearly half-and-half terrace
1 w2 w4 : : : wp−3 | 0 | wp−2 w w3 : : : wp−4:
Furthermore, if w satis/es w2−1=±w, then the inverse z of w satis/es the same
condition, as (z−1)2 − 1=±z−1, i.e. 1 − z2 =±z. We also have z − w=w−1 −
w=(1−w2)w−1 =±ww−1 =±1. So we here have a choice of two values w1 and
w2 for w, with w2 − w1 =w2w1 = 1.
(ii) If (w2− 1)(w4− 1)=±1, we can take =2. So we obtain the segregated nearly
half-and-half terrace
1 w2 w4 : : : wp−3 | 0 | w w−4 w−8 : : : wp−4:
(iii) Solutions with =1 are also possible.
(iv) If w2−1= −w+2, we can take +2=(p−1)=2 provided that the gcd condition
is satis/ed. So we obtain the segregated nearly half-and-half terrace
1 w2 w4 : : : wp−3 | 0 | −w−2 −w−4 : : : −w(p−3) −1:
Example 4.1. p=19; w=15; =−1; =−1. Segregated nearly half-and-half terrace
for Z19:
1 16 9 11 5 4 7 17 6 | 0 | 14 15 12 2 13 18 3 10 8:
The diNerences are as follows, where the two diNerences that are in the wrong order
for a half-and-half terrace are boxed:
−4 −7 2 −6 −1 3 −9 8 −6 − 5 1 −3 9 −8 5 4 7 −2:
I. Anderson, D.A. Preece /Discrete Mathematics 261 (2003) 31–58 45
Example 4.2. p=23; w=21; =17; =2. Segregated nearly half-and-half terrace
for Z23:
1 4 16 18 3 12 2 8 9 13 6 | 0 | 5 19 17 14 21 20 7 22 10 15 11:
Note. Within the range p¡300 (and possibly more generally, but we have no proof
of this), Theorem 4.1 covers every prime p satisfying p≡ 3 (mod 4); p¿7. For some
such values of p, more than one solution exists. For example, for p=31, we can
have (w; ; )= (12;−1;−1) or (11; 19; 2) or (2,25,8), and for p=59 we can have
(w; ; )= (33;−1;−1) or (10; 49; 2) or (6,7,11). The following list gives just one
solution per value of p; where = = − 1, the lesser of the two possible values of w
is given; for convenience, values of  and  are chosen to satisfy −2¡¡p− 2 and
−3¡¡(p− 5)=2; a solution arising from Special Case (iv) above is marked with an
asterisk:
(p;w; ; ) =(11; 7;−1;−1), (19; 14;−1;−1), (23; 21; 17; 2), (31; 12;−1;−1),
(43; 3; 37;−2), (47; 5; 3; 5), (59; 33;−1;−1), (67; 28; 15; 29),
(71; 62;−1;−1), (79; 34; 35; 2)∗, (83; 60; 27; 2), (103; 96; 39; 22),
(107; 6; 3; 16), (127; 6; 119; 8), (131; 6; 97; 2), (139; 22; 99; 2),
(151; 14; 55; 26), (163; 20; 149; 2), (167; 13; 81; 1)∗, (179; 84; 85; 2),
(191; 165; 91; 2), (199; 3; 19; 40), (211; 3; 169; 26), (223; 21; 143; 95),
(227; 8; 193; 73), (239; 13; 187; 5), (251; 14; 89; 18), (263; 5; 225; 30),
(271; 15; 139;−2)∗, (283; 14; 53; 44).
Theorem 4.2. Let p be a prime satisfying p≡ 1 (mod 4); p¿5. Suppose that p
has a primitive root w such that (w2 − 1)(w2 − 1)≡±1 (modp) for some inte-
ger  with gcd(2; p − 1)=2, and such that there exists an odd integer  with
w2 − 1≡±w+2 (modp). Then,
1 w2 w4 : : : wp−3 | 0 | w w−2 w−4 : : : w+2
is a segregated terrace for Zp. If we write p=4q+1, then, for each non-zero element
x of the group Zp, each of the sets {bq+2; bq+3; : : : ; b3q+1} and {b2; b3; : : : ; bq+1; b2q+3;
b2q+4; : : : ; b3q+2} drawn from the terrace’s 2-sequencing contains either x or −x
exactly once.
Proof. This is similar to the proof for Theorem 4.1, except that x is now a square if
and only if −x is a square.
Special cases: As for Theorem 4.1, we can sometimes have = =−1, and some-
times =1. Another possibility yields +2=p, so that w+2≡w (modp), and the
segregated terrace becomes
1 w2 w4 : : : wp−3 | 0 | w1+(p−3) w1+(p−5) : : : w1+2 w:
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Example 4.3. p=29; w=10; =5; =1. Segregated Z29 terrace, which (see Sec-
tion 7 below) remains a terrace if the two halves of the /nal segment (separated by a
colon) are interchanged:
1 13 24 22 25 6 20 28 16 5 7 4 23 9 | 0 |
8 14 10 3 27 11 12 : 21 15 19 26 2 18 17:
Example 4.4. p=41; w=6; = − 1; = − 1. Segregated terrace for Z41:
1 36 25 : : : 23 8 | 0 | 7 6 11 : : : 38 15:
Note. If the integers w;  and  all satisfy the conditions of Theorem 4.2, then, with
the same  and , the primitive root −w may be used instead of w; this interchanges the
two halves of the /nal segment of the terrace. Equivalently, without the primitive root
being changed,  may be replaced by + (p− 1)=2. These alternatives aside, diNerent
terraces may still be obtainable for a particular value of p. For example, for p=37, we
can have (w; ; )= (5; 11; 13) or (13; 15; 7). Also, for p=73, for which few power-
sequence terraces are to be found, we can have (w; ; )= (31; 3; 11) or (28; 27; 23);
the latter of these has  + 2=p. In the range p¡300, Theorem 4.2 covers every
prime p satisfying p≡ 1 (mod 4); p¿5, except p=13; 17; 89; 97; 193; 233. The
following list gives just one solution per value of p; for each solution, the primitive
root w has been chosen to satisfy 0¡w¡(p−1)=2 and the index  to satisfy −2¡¡
(p−3)=2; once again, where = = −1, the lesser of the two possible primitive roots
is given:
(p;w; ; ) =(29; 10; 5; 1), (37; 13; 15; 7), (41; 6;−1;−1), (53; 18; 9; 7),
(61; 17;−1;−1), (73; 31; 3; 11), (101; 3; 35; 37), (109; 10;−1;−1),
(113; 6; 5; 23), (137; 5; 51; 65), (149; 2; 11; 31), (157; 5; 35; 49),
(173; 2; 25; 73), (181; 24; 53; 13), (197; 18; 21; 65), (229; 24; 21; 49),
(241; 51;−1;−1), (257; 53; 67; 85), (269; 19; 51; 3), (277; 50; 41; 35),
(281; 42; 23; 31), (293; 7; 251; 17).
Theorem 4.3. If the prime p satis/es p≡ 1 (mod 8) and has a primitive root w satis-
fying w2≡ 2 (modp), then, for any element t that is a square in Zp,
1 w2 w4 : : : wp−3 | 0 | wp−2t wp−4t wp−6t : : : w1t
is a segregated terrace for Zp. If we write p=4q+1, then, for each non-zero element
x of Zp, each of the sets
{bq+2; bq+3; : : : ; b3q+1} and {b2; b3; : : : ; bq+1; b2q+2; b2q+3; : : : ; b3q+1}
drawn from the terrace’s 2-sequencing contains either x or −x exactly once.
Proof. As w2 − 1=1, the diNerences are, in order,
1 w2 : : : wp−5 −wp−3
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and t times
wp−2 −wp−4 −wp−6 : : : −w:
As x is a square if and only if −x is a square, the conditions for a terrace are clearly
satis/ed.
Example 4.5. p=17; w=6; t=2. Segregated terrace for Z17:
1 2 4 8 16 15 13 9 | 0 | 6 3 10 5 11 14 7 12:
The diNerences are
1 2 4 8 −1 −2 −4 8 6 −3 7 −5 6 3 −7 5:
Note. If w is a primitive root satisfying the conditions of Theorem 4.3, then so
also is −w (as for Theorem 4.2). Within the range p¡300, Theorem 4.3 covers
(p;w)= (17;±6); (41;±17); (97;±14); (137;±31); (193;±52).
Theorem 4.4. If the prime p satis/es p≡ 7 (mod 8) and has the primitive root w
satisfying 2w2≡ 1 (modp), then
0 | 1 w2 w4 : : : wp−3 | −1 −w4 −w8 : : : −wp−5
is a quasi-segregated half-and-half terrace for Zp.
Proof. The diNerences on the left are 1, then w2 − 1 times 1; w2; : : : ; wp−5. The
diNerences on the right are −(1+wp−3), which equals −(1+w2)wp−3, then −(w4−1)
times 1; w4; : : : ; wp−9. But
(w2 − 1)wp−3 = (−w2)wp−3 = − wp−1 = − 1;
so the diNerences on the left are ± the squares. Also
(w4 − 1)= (w2 + 1)(w2 − 1)= − w2(w2 + 1);
so the diNerences on the right are w2 + 1 times ± the squares.
Example 4.6. p=23; w=14. Quasi-segregated half-and-half terrace for Z23:
0 | 1 12 6 3 13 18 9 16 8 4 2 | 22 17 10 14 15 21 11 20
5 7 19:
Example 4.7. p=79; w=35. Quasi-segregated half-and-half Z79 terrace for compar-
ison with similar terrace in Example 4.10 below:
0 | 1 40 20 : : : 8 4 2 | 78 59 74 : : : 15 63 75:
Note. Within the range p¡300, Theorem 4.4 covers (p;w)= (7; 5), (23,14), (47,20),
(71,65), (79,35), (103,84), (167,90), (191,124), (199,189), (223,104), (239,70),
(263,55), (271,48).
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Theorem 4.5. Let p be a prime satisfying p≡ 11 (mod 12) such that −3 is a primitive
root of p, and the order (modp) of 2 is p − 1 or (p − 1)=2. There then exist a
primitive root w such that w2 = 3, and an integer  given by 3 =2−2 (modp). The
odd integer =(p − 5)=2 then satis/es w = − 3−1 (modp). With these values of
w;  and , the sequence
0 | 1 w2 w4 : : : wp−3 | w w+2 w+4 : : : w−2
is a quasi-segregated terrace for Zp, the /nal element of the terrace being 1 less
than the element in position (p + 3)=2. For each non-zero element x of Zp the set
{b3; b4; : : : ; b(p+3)=2} drawn from the terrace’s 2-sequencing contains either x or −x
exactly once.
Proof. It is easily shown that 3 has order (p− 1)=2 (modp) and that w= − 3(p+1)=4
is a primitive root of p such that w2 = 3. The terrace’s diNerences (taken out of order)
are (a) w − wp−3 and 2 times 1, w2; : : : ; wp−5, and (b) 1 and w2 − 1 times all odd
powers of w except w−2. As −3 is not a square (modp), we have −3−1 =w for
some odd . Indeed, the value =(p− 5)=2 is readily shown to work. With this  we
have
w − wp−3 = − 3−1 − wp−3 = − w2wp−33−1 − wp−3 = − 2wp−3;
so the diNerences (a) are precisely ±2 times the squares. Now consider the diNerences
(b). De/ne  by w2 =2−2, i.e. by 3 =2−2. Then w2 has order (p− 1)=2. Then
(w2 − 1)w−2 =(−3 : 2−2)(−3−1)4= 1;
so the diNerences (b) are precisely w2 − 1 times all the non-squares.
Example 4.8. p=23; w=7; =9; =8. Quasi-segregated terrace for Z23:
0 | 1 3 9 4 12 13 16 2 6 18 8 | 15 21 11 20 5 7 19 22
17 10 14:
Multiplying this throughout by 3, we obtain the terrace
0 | 3 9 4 12 13 16 2 6 18 8 1 | 22 17 10 14 15 21 11
20 5 7 19;
where the /nal segment is the same as in Example 4.6.
Note. Within the range p¡300, Theorem 4.5 covers all primes p satisfying p≡ 11
(mod 12) except p=251. We have
(p;w; ; ) =(11; 6; 3; 1), (23; 7; 9; 8), (47; 35; 21; 12), (59; 11; 27; 22),
(71; 28; 33; 13), (83; 13; 39; 33), (107; 18; 51; 3), (131; 93; 63; 9),
(167; 105; 81; 38), (179; 160; 87; 28), (191; 167; 93; 32), (227; 50; 111; 54),
(239; 106; 117; 114), (263; 240; 129; 71).
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Theorem 4.6. If the prime p satis/es p≡ 7 or 17 (mod 24) and has a primitive root
w satisfying w2≡ 2 (modp), then, if the integer t is the square satisfying t=3−1w,
the sequence
0 | wp−3 wp−5 : : : w0 | w1t w3t : : : wp−2t
is a quasi-segregated terrace for Zp. If p≡ 7 (mod 24), it is a half-and-half terrace.
If p≡ 17 (mod 24) and we write p=4q + 1, then, for each non-zero element x of
Zp, each of the sets {bq+2; bq+3; : : : ; b3q+1} and {b2; b3; : : : ; bq+1; b2q+2; b2q+3; : : : ; b3q+1}
drawn from the terrace’s 2-sequencing contains either x or −x exactly once.
Proof. The conditions on p ensure that 2 is a square and 3 a non-square (modp) [7,
pp. 182, 191]. As w2 − 1≡ 1, the diNerences on the left are easily seen to be ± the
squares and those on the right to be ± the non-squares. So we have a half-and-half
terrace if p≡ 3 (mod 4), i.e. if p≡ 7 (mod 24). If p=4q+ 1, the elements 3 and 3−1
are non-squares (modp) [7, pp. 191, 193]. The diNerence between the last and /rst
entries in the sequence is wp−2t=3−1, whereas the diNerence between the ((p+3)=2)th
and ((p + 1)=2)th entries is wt − 1=3−1w2 − 1=3−1:2 − 3−1:3= − 3−1. Thus the
sequence is the reverse of a Zp terrace obtainable, by cycling, from the Theorem 4.3
terrace for the same (p;w; t).
Example 4.9. p=17; w=6; t=2. Quasi-segregated Z17 terrace whose reverse has
the same segments as in the segregated Z17 terrace in Example 4.5:
0 | 9 13 15 16 8 4 2 1 | 12 7 14 11 5 10 6 3:
Example 4.10. p=79; w=70; t=76. Quasi-segregated Z79 terrace:
0 | 40 20 10 : : : 4 2 1 | 27 54 29 : : : 33 66 53:
If we multiply this throughout by 2, we obtain the following, where the /rst two
segments are as in Example 4.7:
0 | 1 40 20 : : : 8 4 2 | 54 29 58 : : : 66 53 27:
Note. Within the range p¡300, Theorem 4.6 covers
(p;w; t)= (7; 3; 1), (17; 6; 2), (41; 17; 33), (79; 70; 76),
(103; 65; 56), (137; 31; 56), (199; 179; 126), (271; 96; 32).
5. Zp terraces with multipliers 3i and (−3)i
We now introduce some constructions for Zp terraces in which the number of seg-
ments depends on the order of 2 (modp).
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Theorem 5.1. Let p be an odd prime for which 2 has odd order  with  =(p−1)=2t
for some integer t greater than 1, and where none of the elements ±3; : : : ;±3t−1 is
a power of 2 (modp). Then
2 2 −1 : : : 2 | 3:2 3:2 −1 : : : 3:2 |
: : : | 3t−2:2 3t−2:2 −1 : : : 3t−2:2 |
3t−1:20 3t−1:21 : : : 3t−1:2 −1 | 0 | negatives in reverse order
is a narcissistic half-and-half terrace for Zp.
Proof. As  is odd, no power of 2 equals −1 (modp). Thus, under the given condi-
tions, all the terms of the sequence are distinct. The diNerences in the left half are
−2 −1; : : : ; −2; 1; −3:2 −1; : : : ; −3:2; 3; : : :
3t−1; 2:3t−1; : : : ; 2 −2:3t−1; −2 −1:3t−1:
The diNerences on the right are the same, in reverse order.
Example 5.1. p=31;  =5; t=3. Narcissistic half-and-half terrace for Z31:
1 16 8 4 2 | 3 17 24 12 6 | 9 18 5 10 20 | 0 |
11 21 26 13 22 | 25 19 7 14 28 | 29 27 23 15 30:
Note. The condition on the powers of 3 is automatically satis/ed if 3 is a primitive
root of p. For if ±3w =2v for some w satisfying 16w¡t, then 32 w =22 v=1 where
0¡2 w¡2 t¡p−1, contradicting the fact that a primitive root of p has order p−1.
Thus, within the range p¡300, the construction automatically applies to p=31, 89,
127, 223 and 233 (the order of 2 being, respectively, 5, 11, 7, 37 and 29). Within the
same range, it also applies to p=151, for which 2 has order 15 (so t=5) and 3 has
order 50, but it fails for p=73 (which has t=4), as then −32 = 26. For convenience,
we exclude t=1 from Theorem 5.1 as a terrace obtainable from Theorem 5.1 with
t=1 is also obtainable by multiplying a Theorem 2.5 terrace throughout by 2−1.
Theorem 5.2. Let p be an odd prime for which 2 has even order 2 given by  =
(p − 1)=2t for some integer t greater than 1, and where none of 3; 32; : : : ; 3t−1 is a
power of 2 (modp). Then
22 22 −1 : : : 2 +1 | (−3):22 (−3):22 −1 : : : (−3):2 +1 |
: : : | (−3)t−2:22 (−3)t−2:22 −1 : : : (−3)t−2:2 +1 |
(−3)t−1 (−3)t−1:2 : : : (−3)t−1:2 −1 | 0 |
negatives in reverse order
is a narcissistic half-and-half terrace for Zp.
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Proof. As 2 =−1 and none of 3; 32; : : : ; 3t−1 is a power of 2, all the terms of
the sequence are distinct. As for the previous Theorem, the diNerences are easily
checked.
Example 5.2. p=43;  =7; t=3. Narcissistic half-and-half terrace for Z43:
1 22 11 27 35 39 41 | 40 20 10 5 24 12 6 | 9 18 36 29 15 30 17 | 0 |
26 13 28 14 7 25 34 | 37 31 19 38 33 23 3 | 2 4 8 16 32 21 42:
Note. The condition on the powers of 3 is automatically satis/ed if 3 is a primitive
root of p. For, if 3w =2v for some integer w satisfying 16w¡t, then 32 w =22 v=1,
where 0¡2 w¡2 t=p − 1, contradicting the order of 3 being p − 1. Further, the
condition is automatically satis/ed if p≡ 3 (mod 4) and 3 has order (p − 1)=2. For,
if 3w =2v, then 32 w =1 and 2 w¡p − 1 as before; so 2 w=(p − 1)=2, i.e. 4 w=
p−1, i.e. p≡ 1 (mod 4). Thus the construction applies to (p;  ; t)= (17; 4; 2), (43,7,3),
(113,14,4), (137,34,2), (257,8,16), (281,35,4), (283,47,3), where 3 is a primitive root,
and to (p;  ; t)= (251; 25; 5) where 3 has order (p−1)=2. The construction also works
for (p;  ; t)= (41; 10; 2), (109,18,3), (157,26,3), (229,38,3) and (277; 46; 3). It fails for
p=97 (with t=2 but 3=219); p=193 (with t=2 but 3=242) and p=241 (with
t=10 and 35 = 2).
Theorem 5.3. Let p be an odd prime for which 2 has odd order  with  =(p−1)=2t
for some positive integer t, and where none of 3; 32; : : : ; 32t−1 is a power of 2 (modp).
Then the sequence
2 2 −1 : : : 2 | 3:2 3:2 −1 : : : 3:2 |
32:2 32:2 −1 : : : 32:2 | : : : | 32t−2:2 32t−2:2 −1 : : : 32t−2:2 |
32t−1:20 32t−1:21 : : : 32t−1:2 −1 | 0
is a half-and-half terrace for Zp.
Proof. The sequence’s entries are clearly all diNerent. The diNerences are
−2 −1; : : : ; −2; 1; −3:2 −1; : : : ; −3:2; 3; : : : ;
−32t−2:2 −1; : : : ; −32t−2:2; 32t−2; 32t−1; : : : ; 32t−1:2 −2; −32t−1:2 −1
so the sequence is indeed a terrace. For t=1, it is clearly a half-and-half terrace.
For t¿1, we cannot have 3a:2i = − 3b:2j with 06b¡a6(t − 1), for otherwise we
would have 3a−b= − 2j−i so that 32(a−b) = 22j−2i where 0¡2(a − b)¡2t − 1, con-
tradicting the hypothesis. So there is no x such that x and −x are both left-half dif-
ferences, and similarly no x and −x occur as right-half diNerences; so the terrace is
half-and-half.
Example 5.3. p=31;  =5; t=3. Half-and-half Z31 terrace, to be compared with the
narcissistic half-and-half Z31 terrace of Example 5.1:
1 16 8 4 2 | 3 17 24 12 6 | 9 20 10 5 18 |
27 29 30 15 23 | 19 25 28 14 7 | 26 21 11 22 13 | 0:
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Note. The conditions imposed on the powers of 3 in Theorem 5.3 are automatically
satis/ed if 3 is a primitive root of p. Theorem 5.3 also covers p=151, but it fails for
p=73 (as 34 = 23). Thus, in the range p¡300, the coverage of Theorem 5.3 for t¿1 is
the same as that of Theorem 5.1. However, although (p;  ; t)= (1103; 29; 19) is covered
by Theorem 5.1, it is not covered by Theorem 5.3, as 3t =319 = 224 (mod 1103). For
t=1, Theorem 5.3 covers p=7, 79, 103, 199 and 271 but does not cover p=23
(as 28 = 3), 47 (as 219 = 3), 71 (as 216 = 3), 167 (as 248 = 3), 191 (as 289 = 3), 239
(as 248 = 3) or 263 (as 283 = 3).
Theorem 5.4. Under the conditions of Theorem 5.2, the sequence
22 22 −1 : : : 2 | 3:22 3:22 −1 : : : 3:2 |
32:22 32:22 −1 : : : 32:2 | : : : | 3t−2:22 3t−2:22 −1 : : : 3t−2:2 |
20:3t−1 21:3t−1 : : : 22 −1:3t−1 | 0
is a terrace for Zp.
Proof. Similar to that of Theorem 5.3.
Example 5.4. p=43;  =7; t=3. Terrace for Z43:
1 22 11 27 35 39 41 42 21 32 16 8 4 2 |
3 23 33 38 19 31 37 40 20 10 5 24 12 6 |
9 18 36 29 15 30 17 34 25 7 14 28 13 26 | 0:
Note. The values of p covered by Theorem 5.4 are the same as those covered by
Theorem 5.2. However, a Theorem 5.4 terrace has t + 1 segments instead of 2t + 1,
and has 0 at the end instead of in the middle.
6. Further Zn terraces with n = ps; s¿1
Theorem 6.1. If the prime p satis/es p≡ 1 (mod 8) and p2 has a primitive root
w satisfying 2 − w2≡pw2 (modp2), then, for any element t that is a square
(modp2),
1 w2 : : : wp(p−1)−2 | p pw2 : : : pwp−3 | 0 |
pwp−2t pwp−4t : : : pwt | wp(p−1)−1t wp(p−1)−3t : : : wt
is a terrace for Zn with n=p2.
Proof. The diNerences on the left are w2 − 1 times all the even powers of w ex-
cept wp(p−1)−2; then p(w2 − 1) times all the even powers of w up to wp−5; and
p−wp(p−1)−2 and −pwp−3. But, as w2−1≡ 1 (modp), we have −pwp−3≡−pwp−3
(w2 − 1)≡−pwp−1 + pwp−3≡−p(w2 − 1)wp−3 (modp2). Also, p − wp(p−1)−2≡
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w−2(pw2 − 1)≡w−2(1− w2)≡−(w2 − 1)wp(p−1)−2 (modp2). The diNerences on the
right are dealt with similarly.
Example 6.1. p=17; w=193; t=1; n=289. Terrace for Z289:
1 1932 : : : 193270 | 17:1930 17:1932 : : : 17:19314 | 0 |
17:19315 17:19313 : : : 17:193 | 193271 193269 : : : 193;
i.e.
1 257 157 : : : 81 9 | 17 34 68 136 272 255 221 153 | 0 |
51 170 85 187 238 119 204 102 | 3 27 243 : : : 182 193;
i.e.
3272 3270 : : : 32 | 17:316 17:314 : : : 17:32 | 0 |
17:31 17:33 : : : 17:315 | 31 33 : : : 3271;
as 3−1 = 193 (mod 289).
Note. The relationship between Theorems 4.3 and 6.1 is obvious from the forms of the
terraces presented. Within the range n¡300, Theorem 6.1 covers (p;w)= (17; 193).
Within the range p¡300, Theorem 6.1 also covers (p;w)= (41; 550); (97; 8065) and
(137; 10443).
Theorem 6.2. Let p be a prime satisfying p≡ 17 (mod 24), such that there is a prim-
itive root w of p2 with 3(2w2 − 1)≡pw (modp2). Then there exist integers  and
, with  odd, such that w2(2− w2)≡w (modp2) and 3w≡ 1 (modp). With these
values of  and , the sequence
w2 w2+2 : : : w2+(p(p−1)=2)−2 |
w(p(p−1)=2)−1 w(p(p−1)=2)−3 : : : w |
pw pw+2 : : : pw+(p−5)=2 | pw(p−1)=2 pw(p−5)=2 : : : pw2 |
0 | negatives in reverse order
is a narcissistic half-and-half terrace for Zn with n=p2.
Proof. We omit the proof as it is long but involves no new ideas.
Example 6.2. p=17; s=2; n=289; w=3; =−1; =127. Narcissistic half-and-
half terrace for Z289:
3254 3256 : : : 3116 | 3135 3133 : : : 31 | 17:3−1 17:31 17:33 17:35 |
17:38 17:36 17:34 17:32 | 0 | 17:310 17:312 17:314 17:30 |
17:313 17:311 17:39 17:37 | 3137 3139 : : : 3271 | 3252 3250 : : : 3118;
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i.e.
206 120 213 : : : 35 26 234 | 96 107 44 : : : 243 27 3 |
102 51 170 85 | 272 255 221 153 | 0 | 136 68 34 17 | 204 119 238 187 |
286 262 46 : : : 245 182 193 | 55 263 254 : : : 76 169 83:
Note. Within the range n¡300, Theorem 6.2 covers only n=289 (i.e. p=17),
as shown above. However, outside this range it also covers, for example, n=1681
(i.e. p=41) with (w; ; ) = (1013; 15; 87).
Theorem 6.3. Let p be a prime satisfying p≡ 7 or 17 (mod 24), such that there is a
primitive root w of p2 with w2≡ 2 (modp2). If t is the square (modp2) de/ned by
t=3−1w (modp2), then
pwp−2t pwp−4t : : : pwt | p pw2 : : : pwp−3 | 0 |
wp(p−1)−2 wp(p−1)−4 : : : w0 | wt w3t : : : wp(p−1)−1t
is a terrace for Zn with n=p2.
Proof. Similar to that of Theorem 4.6.
Example 6.3. p=17; s=2; n=289; w=244; t=193× 244=274. Terrace for Z289:
102 51 170 : : : 119 204 | 17 34 68 : : : 221 153 | 0 |
145 217 253 : : : 2 1 | 97 194 99 : : : 241 193:
Note. Theorem 6.3 covers (p;w; t)= (17; 244; 274); (41; 58; 1140); (79; 1808; 2475),
etc.
Theorem 6.4. If p is a prime such that the order of 2 (modp) is (p−1)=2, the order
of 2 (modp2) is p(p− 1)=2, and 3 is not a power of 2 (modp), then the sequence
p:2(p−1)=2 p:2(p−3)=2 : : : p:21 | p:3:20 p:3:21 : : : p:3:2(p−1)=2 |
0 | 3:2(p(p−1)=2)−1 3:2(p(p−1)=2)−2 : : : 3:20 | 2 22 : : : 2p(p−1)=2
is a terrace for Zn with n=p2.
Proof. If 3≡ 2i (modp2), then 3≡ 2i (modp). Thus, if 3 is not a power of 2 (modp),
it is not a power of 2 (modp2). Checking the diNerences is routine.
Example 6.4. p=7; s=2; n=49. Terrace for Z49:
7 28 14 | 21 42 35 | 0 | 26 13 : : : 3 | 2 4 : : : 1:
Note. In the range p¡300, Theorem 6.4 provides terraces for p=7, 17, 41, 79, 103,
137, 199 and 271.
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7. Comments on other constructions
Almost every power-sequence terrace considered in this paper is of the type where
all segments, except only the segment containing 0, are of equal length. That this
restriction is not necessary for power-sequence terraces with few segments is well
illustrated by the following segregated narcissistic half-and-half Z47 terrace, which is
not obtainable from any of the theorems above:
2918 2920 : : : 2944 | 2916 2914 : : : 290 | 0 |
2923 2925 : : : 2939 | 2921 2919 : : : 291 2945 2943 2941;
i.e.
7 12 34 18 4 27 6 17 9 2 37 3 32 28 |
8 36 21 24 14 16 25 42 1 | 0 | negatives in reverse order;
here, the /rst and last segments each contain 14 elements, whereas the second and
fourth segments each contain 9. With (p;w)= (47; 29), this terrace for Zp is based on
the primitive root w that satis/es w4 − 4w2 + 2≡ 0 (modp).
Other attractive and useful possibilities, with unequal lengths for segments (exclud-
ing the segment containing zero), can be derived from terraces obtainable from The-
orems 4.2 and 4.3 above. We omit full details, but two examples will indicate the
approach. Firstly, simple application of the snip-and-;ip method to the Z29 terrace
in Example 4.3, with the snip at the colon, gives the following half-and-half terrace
for Z29:
12 11 27 3 10 14 8 | 0 | 9 23 4 7 5 16 28
20 6 25 22 24 13 1 | 21 15 19 26 2 18 17:
Secondly, if we take the last 4 elements of the Z17 terraces from Example 4.5 and
move them to the start of the terrace, we obtain a half-and-half terrace for Z17:
11 14 7 12 | 1 2 4 8 16 15 13 9 | 0 | 6 3 10 5:
Also, for a prime covered by both Theorem 5.1 and Theorem 5.3, the respective
terraces obtained for that prime may be regarded as two diNerent extreme cases of a
more general construction. For example, the Z31 terraces of Examples 5.1 and 5.3 arise
from a construction that also gives us the following half-and-half Z31 terrace, where
the zero element follows 4 segments each of length 5, and precedes 2 segments each
of length 5:
25 24 : : : 21 | 3:25 3:24 : : : 3:21 |
32:25 32:24 : : : 32:21 | 33:20 33:21 : : : 33:24 | 0 |
−32:24 − 32:23 : : : − 32:20 | − 3:21 − 3:22 : : : − 3:25;
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i.e.
1 16 8 4 2 | 3 17 24 12 6 | 9 20 10 5 18 | 27 23 15 30 29 |
0 | 11 21 26 13 22 | 25 19 7 14 28:
8. Overview
Table 1, for primes n, and Table 2, for other prime powers n, indicate which The-
orems from Sections 2–6 can be used to produce Zn terraces for each value of n
satisfying n¡300. Power-sequence terraces are available for all these values of n.
Even for an n value for which only one theorem is listed, more than one terrace may
have been provided. Thus, for example, we saw above that more than one primitive
root may be used to produce a Z73 terrace from Theorem 4.2. Table 1 includes the
orders of ±2 and ±3, as the authors found this information invaluable in their search
for constructions, and this information is likely to be equally valuable in further re-
search on power-sequence terraces. Of course, the tabulated orders satisfy the result
[7, p. 160, Prob. 8] that, if w is a primitive root of the odd prime p, then (a) −w is
also a primitive root of p if p≡ 1 (mod 4), but (b) −w is of order (p− 1)=2 (modp)
if p≡ 3 (mod 4). More generally, the orders (modp) of elements x and −x of Zp are
identical or they diNer by a factor of 2.
Outside of mathematics, terraces have featured in the temples of the ancients, in
subsistence agriculture, in urban housing (whence Professor R.A. Bailey obtained the
name), and in landscape gardening. Our terraces add to these assets. We may not have
produced rivals to the splendours of La terrace des audiences du clair de lune [8, n◦
VII]—the terrace where the Moonlight holds court—but we have given a sighting of
the great elegance that can be achieved in using power sequences to construct terraces
for Zn.
Table 1
Power-sequence terraces for prime values of n in the range n¡300
n Orders in GF(n) of Constructions
+2 −2 +3 −3 §2 §3 §4 §5
3 g g=2 – – 2.1 3.1, 3.2
5 g g g g 2:1∗ 3.1, 3.2
7 g=2 g g g=2 2.5 4.4, 4.6 5.3
11 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
13 g g g=4 g=2 2:1∗ 3.1, 3.2
17 g=2 g=2 g g 4.3, 4.6 5.2, 5.4
19 g g=2 g g=2 2.1 3.1, 3.2 4.1
23 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
29 g g g g 2:1∗ 3.1, 3.2 4.2
31 g=6 g=3 g g=2 4.1 5.1, 5.3
37 g g g=2 g=4 2:1∗ 3.1, 3.2 4.2
41 g=2 g=2 g/5 g/5 4.2, 4.3, 4.6 5.2, 5.4
43 g=3 g=6 g g=2 4.1 5.2, 5.4
47 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
53 g g g g 2:1∗ 3.1, 3.2 4.2
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Table 1 (continued)
n Orders in GF(n) of Constructions
+2 −2 +3 −3 §2 §3 §4 §5
59 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
61 g g g=6 g=12 2:1∗ 3.1, 3.2 4.2
67 g g=2 g=3 g=6 2.1 3.1, 3.2 4.1
71 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
73 g/8 g=4 g=6 g=6 4.2
79 g=2 g g g=2 2.5 4.1, 4.4, 4.6 5.3
83 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
89 g/8 g=4 g g 5.1, 5.3
97 g=2 g=2 g=2 g=2 4.3
101 g g g g 2:1∗ 3.1, 3.2 4.2
103 g=2 g g=3 g=6 2.5 4.1, 4.4, 4.6 5.3
107 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
109 g=3 g=3 g=4 g=2 4.2 5.2, 5.4
113 g=4 g=4 g g 4.2 5.2, 5.4
127 g/18 g/9 g g=2 4.1 5.1, 5.3
131 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
137 g=2 g=2 g g 4.2, 4.3, 4.6 5.2, 5.4
139 g g=2 g g=2 2.1 3.1, 3.2 4.1
149 g g g g 2:1∗ 3.1, 3.2 4.2
151 g=10 g/5 g=3 g=6 4.1 5.1, 5.3
157 g=3 g=3 g=2 g=4 4.2 5.2, 5.4
163 g g=2 g g=2 2.1 3.1, 3.2 4.1
167 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
173 g g g g 2:1∗ 3.1, 3.2 4.2
179 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
181 g g g=4 g=2 2:1∗ 3.1, 3.2 4.2
191 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
193 g=2 g=2 g=12 g=12 4.3
197 g g g g 2:1∗ 3.1, 3.2 4.2
199 g=2 g g g=2 2.5 4.1, 4.4, 4.6 5.3
211 g g=2 g g=2 2.1 3.1, 3.2 4.1
223 g=6 g=3 g g=2 4.1, 4.4 5.1, 5.3
227 g g=2 g=2 g 2.1 3.1, 3.2 4.1, 4.5
229 g=3 g=3 g=4 g=2 4.2 5.2, 5.4
233 g/8 g=4 g g 5.1, 5.3
239 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
241 g=10 g=10 g=2 g=2 4.2
251 g/5 g=10 g=2 g 4.1 5.2, 5.4
257 g/16 g/16 g g 4.2 5.2, 5.4
263 g=2 g g=2 g 2.5 4.1, 4.4, 4.5
269 g g g g 2:1∗ 3.1, 3.2 4.2
271 g=2 g g/9 g/18 2.5 4.1, 4.4, 4.6 5.3
277 g=3 g=3 g=4 g=2 4.2 5.2, 5.4
281 g=4 g/8 g g 4.2 5.2, 5.4
283 g=3 g=6 g g=2 4.1 5.2, 5.4
293 g g g g 2:1∗ 3.1, 3.2 4.2
Constructions are identi/ed by their Theorem numbers; an asterisk indicates that Theorem 2.3 can
be used equivalently. Orders of elements of GF(n) are identi/ed using g= n− 1.
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Table 2
Power-sequence terraces for prime-power values of n (excluding primes) satisfying n¡300
n Constructions
§2 §3 §6
9 32 2.2 3.3
25 52 2.2, 2.4 3.3, 3.4
27 33 2.2 3.3
49 72 2.6 6.4
81 34 2.2 3.3
121 112 2.2 3.3
125 53 2.2, 2.4 3.3, 3.4
169 132 2.2, 2.4 3.3, 3.4
243 35 2.2 3.3
289 172 6.1, 6.2, 6.3, 6.4
As in Table 1, constructions are identi/ed by their Theorem numbers.
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